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Probability

• Oftentimes it is paramount to have an understanding of how likely an event is to occur. This
notion is called probability. Consider the following:

(1) In a closed, dark trunk there are 2 red marbles and 8 blue marbles. You close your eyes,
open the trunk, mix all the objects around and select a ball. S, our sample space, is the
set of all outcomes (in this specific case, each outcome represents the selection of a different
random ball):

S = {R1, R2, B1, B2, B3, ..., B8}
The number of elements in S = n(S) = 10, is the size of our sample space.

(2) How many ways are there to select a red marble? There are two ways (i.e. select R1 or
select R2).

(3) What’s the probability of selecting a red marble?

number of red marbles

total number of marbles
=

2

10
=

1

5
=

20

100
= 0.20 = 20%

• Probability can be of great philosophical interest, as in life only one event will ever occur, and
unlikely events (quite paradoxically) happen all the time. Still, sometimes we repeat the same
experiment multiple times (e.g. habitual gambling) or don’t want to perform a risky action that
will permanently ruin our lives (e.g gambling all your money on a single die roll). Here are some
different ways of thinking about probability:

(1) Subjective probability is based on human intuition and is not mathematically rigorous, but
may be grounded in solid reasoning (e.g. As an avid basketball fan, you may feel that the
Lakers have a 75% chance of winning it all this year).

(2) Empirical probability is based on evidence or historical trends (e.g. average rainfall in this
region is 64 inches per year, so you think next year it is very likely to rain close to that
amount and very unlikely to rain only 20 inches).

(3) Theoretical probability is mathematically rigorous and defined as follows:

The probability an event E occurs = P (E) =
# of ways E can occur

total # of all outcomes
=

# of ways E can occur

size of the sample space

• Note that P (E) is always a number from 0 to 1, with 0 representing that an event does not occur
(i.e. there is a 0% chance it will occur) and 1 indicating that the event will occur (i.e. there is a
100% chance it will occur). What happens when you conduct an experiment several times?

(1) Suppose we flip a fair, two-sided coin 100 times. Furthermore, suppose it can only land on
H (Heads) or T (Tails).

(2) The theoretical probability of landing on H after a single coin flip = P (H) = # of ways H can occur
total # of all outcomes

=
1
2
= 50

100
= 50% = 0.50, where S = {H,T}.

(3) But, in reality, we may flip a coin 100 times and only get Heads 42 times (instead of the 50
times we expect). An empirical probability could be established by this experiment, causing
one to believe that P (H) = 0.42 instead of 0.50.
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(4) However, by the law of large numbers, the more trials we have, the closer our probability
gets to the expected average. So, for example, perhaps after 1000 tries we get an empirical
probability of P (H) = 0.49, which is must closer to 0.50.

The Addition Rule for Probability

• You may recall some ideas (and images) from elementary set theory. Let A and B be sets (a set
is a collection of items or elements):

• The U in the diagrams above is for universe, the set of all elements. In the context of probability
theory, the sample space is the universe for a given experiment.

• The complement of set A = Ac = A
′
and is the set of all items that are not in A.

∗ Suppose A is the set of all blue marbles, and our universe U is the set of all marbles. Then
A

′
includes red marbles, green marbles, and so on.

∗ Furthermore, suppose there are 30 blue marbles, and 100 total marbles in the universe.

∗ If E is the event that you randomly select a blue marble, then P (E) = 30
100

= 0.30 and
P (E ′) = 1− 30

100
= 0.70. Hence,

P (E ′) = 1− P (E)

• The union of sets A and B = A ∪B and is the set of all items that are in A or B.

∗ Suppose A is the set of all high school graduates, B is the set of all college graduates, and
our universe U is the set of all working professionals. Then A ∪ B is the set of all working
professionals who graduated either high school or college (or both).

• The intersecton of sets A and B = A ∩B and is the set of all items that are in A and B.
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∗ Suppose A is the set of all high school graduates, B is the set of all college graduates, and
our universe U is the set of all working professionals. Then A ∩ B is the set of all working
professionals who graduated both high school and college.

• Suppose we randomly pick a card from a standard Western deck of 52 cards:

∗ Let P (A) be the probability of getting a red King. Since there are two ways to get a red
King, P (A) = 2

52
= 1

26
.

∗ Let P (B) be the probability of getting a Diamond. Since there are thirteen ways to get a
Diamond, P (B) = 13

52
= 1

4
.

∗ This means that P (A∪B) is the probability of getting a red King or a Diamond. Hmmm...if
we add up all the red Kings we get 2, and if we add up all the Diamonds we get 13. So, is
P (A ∪ B) = 2+13

52
= 15

52
? NO, because one of our red Kings is a diamond and we

don’t want to count the same item twice.

∗ Observe P (A ∩ B) is the probability of getting a red King and a Diamond. This is 1
52
,

representing the single red King of Diamonds. Hence,

P (A ∪B) = P (A) + P (B)− P (A ∩B).

∗ In our example,

P (A ∪B) =
2

52
+

13

52
− 1

52
=

14

52
.

∗ In special cases we do not need to include P (A ∩ B) because it equals zero. In such cases
A and B are mutually exclusive events because they do not occur together at the same
time. For example, a card cannot be both black and red at the same time. Hence, P (K ∪R)
is just P (K) + P (R), if P (K) is the probability of getting a black card and P (R) is the
probability of getting a red card.

The Multiplication Rule for Probability

• Let P (A) be the probability that a student received an A+ in BIO 101, a college biology course.

• If we only consider tall students, are they more likely to have received an A+ in the course?
Probably not. What if we only consider the students who are biology majors?
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• P (A|B) is a conditional probability and is read as ’the probability of A, given B’. This indicates
we are concerned with subsets of the sample space (closely examine the denominators in the
examples below the table). Consider the contingency table (i.e. cross tabulation) for the 100
students who took BIO 101:

* A+ in BIO 101 Other grade in BIO 101 TOTAL

BIO Major 15 10 25
Other Major 5 70 75
TOTAL 20 80 100

∗ Let P (B) be the probability that a student is a biology major.

∗ We observe that P (A) = 20
100

= 20% and P (B) = 25
100

= 25%.

∗ Furthermore, P (A|B) = 15
25

= 60%.

∗ As we see in this case, P (A) ̸= P (A|B).

∗ We can find P (A ∩B) by using the multiplication rule for probability. This states,

P (A ∩B) = P (A|B) · P (B)

or equivalently,

P (A ∩B) = P (B|A) · P (A)

∗ P (A ∩B) = 15
25

· 25
100

= 15% is the probability a student got an A+ in BIO 101 and is a BIO
major. This confirms what we observe directly from the contingency table:

# of BIO majors who got an A+ in BIO 101

total # of students who took BIO 101
=

15

100
= 15%.

∗ In special cases, P (A|B) = P (A) and P (B|A) = P (B). Hence, P (A∩B) is just P (A) ·P (B)
in such cases. If so, A and B are independent events because the occurrence of one does
not affect the probability of the other. For example, if P (A|T ) = P (A) and P (T |A) = P (T ),
where P (T ) is the probability of being a tall BIO 101 student, then one could argue that
being tall has no affect on getting an A+ in BIO 101.

∗ Lastly, note that we can rearrange our multiplication rule to obtain

P (A ∩B)

P (B)
= P (A|B) ,where P (B) ̸= 0

or equivalently,

P (A ∩B)

P (A)
= P (B|A) ,where P (A) ̸= 0 .
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Focus Problems

(1) A fair coin is flipped twice. Find the probability that it lands on Heads both times.

(2) A single card is randomly drawn from a standard, Western deck of 52 cards. What is the proba-
bility that the card is black or a Club?

(3) A single card is randomly drawn from the black cards in a standard, Western deck of 52 cards.
Given that the card is black, what is the probability it is a Club?


